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1 Basic Discussion

Problem 1. The /-diatance problem is an open Diophantine problem that asks if there exists a
point P(x,y) on the 2-dimensional Euclidean plane such that the distance PA, PB, PC, PD are all
rational numbers, where ABCD is a unit square A(0,0), B(1,0),C(0,1), D(1,1).

A first observation is that P has to be a rational point, i.e. x,y € Q.
Proof. 1 —2x = (1 — x)? — 22 = PB? — PA? is rational. Same for y. O]

Acknowledgement. The author thanks Yuan Yang from London School of Geometry and Number
Theory for letting me notice this interesting open problem.

For the time being, I want to interpret this problem in the language of projective varieties.

Definition 1. Let X C P® = ProjZ[x,y,r1,72,73,74, 2] be the projective variety defined by the
homogeneous ideal I(X) =< 22 +y?—r? (z—2)2+y? =713, 22+ (y—2)? =713, (x—2)? + (y—2)2 —1] >.

Our goal is to find rational points on X where z = 1. For the sake of convenience, I restrict the
base field to be R firstly, and I'll discuss about the topology of X (R).

Definition 2. We define the projection map to be f : X(R) — RP? = ProjR[xz,y, 2], p(z : y : r1 :
roiTg Ty z) > (T iy 2).



Some properties of f are given as follows:

Proposition 1. i) f is well defined. Suppose p(x : y:r1 :ro:7r3:74:2) € X, and t € Ry, then
fp)=(z:y:2)=(tz:ty:tz) = f(tp). Moreover, for any p € X, we have (z, : yp : 2,) # (0:0:0)
which does not belong to P2. So f is well defined indeed.

ii) Consider the coordinate chart {z # 0} on RPS and identify this chart to R®, we may assume
zp = 1 for all such points p € 2 # 0 C PS. Let

q1(0:0:1), @g2(1:0:1), ¢g3(0:1:1), qa(1:1:1)
pr(0:0:0:41:41:4v2:1), po(1:0:41:0:+v2:41:1), (1
p3(0:1:41:4v2:0:41:1), py(1:1:4V2:4£1:41:0:1)

~—

then clearly p; = f~1(¢;) gives the fiber of ¢;,1 < i < 4. We claim that the set {f1(¢g;),1 <i <
4} = {pi, 1 < i < 4} of 32 points are the only points where f acts singularly locally.

On the chart {z # 0} C RP® we assume z = 1, let p(x : y : 7y :7mp i 73 i1y 2 1) € X, q(x :
y:1)= f(p) and p # p;, 1 < i < 4, then ¢ # ¢;,1 < i < 4. We claim that locally f is a smooth
diffeomorphism on a neighbourhood of p in X. The fiber of ¢ is given by f~!(¢) = {(z : vy :
a4y o 22 a2 (= D2 k(e — D2+ (y— 12 1)),

Moreover, on the chart {y # 0} C RPS, we assume y = 1, let p(x : 117y :1ma:7r3 174 : 2) €
X,q(x:1:2) = f(p) and p # p3,ps, then ¢ # q3,q4,2 # 1. Since 22 + 1 =72 #0, (z—2)?+1=
r3#£0, 22+(1-2)2=r3#0, (v—2)?+(1—2)%=r?#0. Similarly, on the chart {x # 0} C RP°,
we assume z = land let p(1 : y :ry g ir3:ry:2) € X,q(1:y:2z) = f(p) and p # pa, p4,
then ¢ # ¢o,q4,2 # 1. So locally f is a smooth diffeomorphism on a neighbourhood of p in X
in both the above cases. Thus we see that f is a 16-fold covering from X (R)\{p;,1 < i < 4} to
RP?\{g;, 1 < i < 4}.

We also consider the deformation of X (R) parametrized by a real number e.

Definition 3. Let X, C RP% = ProjR[z,y, 71,72, 73,74, 2] be the projective variety defined by the
homogeneous ideal I(X,) =< 2?2 +y?+ €22 =12, (v —2)?> +y? +€2® —r3, 22+ (y— 2)° +€2® — 13, (v —
2)2 4+ (y — 2)® + €22 — 72 >. Note that in the definition above, the base field for X, is R, whereas
X is defined over SpecZ. We first consider the real points X¢(R) of X.. But actually, X, can be
regarded as a variety over QQ if we choose € € Q.

Let fe : X (R) — RP?,p — (zp : yp : 2p), here € can take every real number value. We claim
that when € > 0, f. is locally a smooth diffeomorphism everywhere on X (R), and globally it’s a
16-fold covering from X, to RP?. Moreover, X.(R) can be decomposed into the union of 8 disjoint
connected components as X¢(R) = |_|0<z-<7 Xe; where each X, ; is diffeomorphic to a 2-dimensional
sphere S?, and the exact form of the p?)i;lt set X.; are given in the proof.

Proof. 1) First, we show that f. is well defined for any ¢ € R. Since for any p € X.(R),t €
Ry, fe(p) = fe(tp), and (zp : yp @ 2p) # (0:0:0), it is true.

ii) When € > 0, we choose three charts {z # 0}, {y # 0}, {x # 0} C RP°. These three charts
covers all the points of X (R). We show that f. is locally a smooth diffeomorphism on each of the
three charts above.

On the chart {z # 0} C RP® let 2, = 1 for all the points p in this chart. For any p(z :y : 71 : 719 :
r3:74: 1) € X (R), we show that f. is locally a diffeomorphism. f.(p) = (z :y: 1) € RP? its inverse
isgiven by (z:y: 1) = (z:y:tv/a2+y2+e: 2/(x—1)2+y2 +e: £/22+(y—1)2+¢€:
+/(x —1)2+ (y — 1)2+ € : 1) for properly chosen signs in front of 71,79,73,74 locally. Note that
on this chart, f, is a 16-fold covering.




Similarly, on the chart {y # 0} C RPS, let zp = 1 for all the points p in this chart. For
any p(z 1 127 1 rg :r3 i rg : 2) € Xe(R), fe(p) = (z 2 1 : 2) € RP?, its inverse is given
by (@ :1:2) = (z:1: Va2 +1+e? 1 £/ (z—2)2+1+e? 0 £/22+ (1 —2)2 +e2? ¢
+/(x — 2)2 + (1 — 2)2 + €22 : 1) for properly chosen signs in front of rq, s, 73,74 locally. So f. is a
local diffeomorphism.

On the chart {z # 0} C RPY, the case is similar to the case for {y # 0}, and we omit the proof
here. Note that f. is also a 16-fold covering on both charts {y # 0} and {z # 0}. We conclude
that f. is locally a smooth diffeomorphism everywhere on X (R), and globally it’s a 16-fold covering
from X, to RP2.

ili) We give the connected components decomposition of X(R) as Xc(R) = | |j<;<7 Xe,i, and
show that each X ; is diffeomorphic to a 2-dimensional sphere S?. Since € > 0, X (R) lies totally
in the chart {r; # 0} C RP®. Define a map g1 : X.(R) — R3 for any p(z : y : 7 : 1o :
r3 14 1 z) € Xe(R),g91(p) = (%7%7%) For any t € Ry, g1(tp) = (%3%7%) = gi1(p), so
g1 is well defined. The image of g1 is ¢1(X(R)) = Sil = {22+ 9y +e? =1} C R For a
given point s1(x,y,z) € S?ﬁl, its fiber is given by gl_l(sl) ={(z:y:1: /22 +y>+ex?:
+/(r—2)2+y2+e2? /22 + (y—2)2 +e22 1 /(. — 2)2 + (y — 2)2 + €22 : 2)}. We conclude
that g1 : Xe(R) — 82,1 C R3\{0} is an 8-fold covering, and its locally a smooth diffeomorphism
everywhere on X(R). By the fiber coordinate formula given above, we know that X (R) can be
decomposed into 8 connected components according to the combinations of the signs of (:—?, :—f, %)
We may write this decomposition as X (R) = | |,<;<7 Xci, where the exact correspondence between
Xe,i,0 <1i <7 and the signs of (2, % ) are given in the following table:

ri’ri’r
i|sgn(2) sgn() segn(f)
o] + - +
1| - + +
2|+ - +
3| - - +
4l 4 + -
5 - + -
6| + - -
7 _ i i

Table 1: Correspondence between X ; and the signs of (%, :—f, %)

iv) What’s more, we can deal with X (R) similarly in the charts {ro # 0}, {rs # 0}, {r4 # 0}
as what we have done in the chart {r; # 0}. X(R) lies totally in each of the above three charts.
We may define go, 93,94 : Xc(R) — R3? as follows: for any p(x : y : 71 : 72 : 73 : 74 : 2) € X(R),
let gQ(p) = (%7%7%)7 g3(p) = (%7%7%)7 94(p) = (%7%7%) Their images are given by
Im(go) =S, ={(z —2)* +y* +ez* =1}, Im(gs) =SZ3= {2’ + (y—2)° +e* =1}, Im(gs) =
8274:{(x—z)2+(y—z)2+6z2:1} d

A useful observation is that the topology of X(IR) for positive € is pretty simple. In the following
section, I’ll show that we can deduce a CW-complex stucture of X (R) by taking the limit € — 04
for e > 0.



2 Topological inspection of X (R) and X.(R)

Recall that fo : X (R) — RP?p — (zp : yp : 2p) is a 16-fold smooth covering. f : X(R) —
RP2 p > (7, : yp : 2p) is a 16-fold locally smooth covering almost everywhere on X (R) except for
32 exceptional points. To be exact, these 32 exceptional points on X (R) are given by p; = f~1(q),
and the exact coordinates of p;,q;, 1 < ¢ < 4 are given by equation 1 in the first section. We assign
indices to points in f-!(g1) as follows:

Definition 4. Assume p(x : y :ry 17y 173 : 741 2) = p1;; to be a point in the fiber f71(q)
where 0 <7 < 7,0 < j < 1. Its indices (4,7) can be uniquely determined as follows: i is the index
of the connected component X.; where p lies on, which is determined by the signs of (:—f, :—?, :—‘1‘)
Put j = 0 for sgn(;5) = 1, and j = 1 for sgn(%) = —1. Note that since fe(p) = q1, we must
have z # 0. So sgn(%) = +1 are the only possible cases. Conversely, for every pair of such indices
(i,5),0 < i < 7,0 < j < 1, we can select a point p € f-(q1) such that its indices determined as
the process above are (i, ). So we have f71(q1) = {p1,,0 <i < 7,0 <j <1}. More precisely, we
have:
P1,0,0(0:0:+e: Vite:vVite:vV2+e:l), pro1(0:0:—ve:—V1+e:—vVI+e:—vV2+e€:1),

)

p110(0:0:Ve: —vV1I+e:VI+e:V2+e:1), p171,1(020:—\ﬁi\/mi—\/l+€:—\/2+621),
P120(0:0:Ve:Vite:—vVI+e:vV2+e:1), pr21(0:0: —Ve: —VI+e:VIite:—vV2+e:1),
p173,0(0:02\/EI—\/1+€Z—\/1+€S\/2+€:1), p1,371(0:O:—\/E:\/1+6:\/1+e:—\/2+6:1),
P140(0:0:vVe:vVIi+te:vVite: —vV2+e:1), prai1(0:0:—Ve:—vVI+e:—VI+e:vV2+e:1),
p175,0(0:0:\/2:—\/17—|—6:\/m:—m:1), p1’571(0:0:—\ﬁ:\/l—l—e:—\/l—ke:\/2+6:1),
p176,0(0:0:ﬁ:m:—m:—m:1), pLG’l(O:O:—\ﬁ:—\/1+e:\/1+6:\/2+e:1),

p170(0:0:ve: —vVI+e: —V1i+e:—vV2+e:1), p171(0:0: —ve:VIi+e:VIi+e:V2+e:1).

(2)
We give indices to each p;(this is actually a set of 8 points till now) in the following way:
P1o(0:0:0:1:1:v2:1), p11(0:0:0:—-1:1:v2:1),
P12(0:0:0:1:—1:v2:1), p13(0:0:0:—1:~1:v2:1), 3)
P14(0:0:0:1:1:—v2:1), p150:0:0:—1:1:—v2:1),
p16(0:0:0:1:~1:-v2:1), p17(0:0:0:—1:~1:—v2:1).

Notice that in the notations given above, the index i of py ; bijectively corresponds to the signs
Of (T27 s, T4)'

Note that in the notations above, p1;; is dependent on e. We omit € in the notations above
since there won’t be any ambiguities for the time being. The following theorem gives a CW-complex
structure on X (R) induced by that of X.(R) for e > 0, and take the limit ¢ — 0.

Proposition 2. From the discussions given above, for any 0 < ¢ < 7, we have lir(gl Plio =
e—U4

hI(I)l D1,in7,1 = P1,i, Where A denotes the bitwise xor operation for binary integers.
e—U4

Proof. 1t follows directly if we check the closed form of coordinates of {p1;j, and p1;,0<i<7,0 <
j < 1} given above carefully. O



The following theorem shows the way of adjunctions that joins the fibers f-(g2), £ 1 (q3), £ *(qa),
to the fibers f~1(g2), f~1(g3), f*(qa) respectively. It’s statement is similar to the definition 4 and
proposition 2 above.

Definition 5. 1) Assume p(x : y : 71 17 173 174 1 2) = pa;; to be a point on the fiber ()
where 0 <4 < 7,0 < j <1 are uniquely determined as in the definition 4 above, that is, p2; ; € X ;
is the connected component that p lies on, j = 0 for sgn(5) = 1, and j = 1 for sgn(;5) = —1. More
precisely, we have:

p200(1:0:VI+e:ve:vV2+e:VI+e:l), pro1(1:0:—VI+e:—e:—vV2+e:—V1+e:1),
poio(l1:0:—vVI+e:ve: —vV2+e:—vVI+e:l), po11(1:0:vV1+e:—Ve:vV2+e:vVI+e:l),
pggo(le'\/m:\/E:— 24+€e:V14+e:1), paoi(l1:0 —V1+te:—ve:V2+e:—/14e:1),
p230(1:0:—VIde:ve:vV2+e:—vVI+e:l), pasgi(1:0:vVI4+e:—ve:—vV2+e:V1+e:l),
p2ao(1:0:vVI+e:ve:vV2te:—vVI+e:l), poa1(1:0: —vVI+e:—Ve:—vV2+e:V1+e:1),
p250(l1:0:—vV1+e:ve: —vV2+e:V14e:1), p2,571(1:01\/m:—\/g:\/2+e:—\/1+e:1),
p276,0(1:0:\/m:\/ng 24€:—V1+4e€:1), p2,671(1:01*m1*\/g3m1\/m31),
p2,7,0(1:0 T+e:ve:vV2te:vVIte:l), pori(1:0:VI+e: —e:—vV2+e:—V1+e:1).
4
We give indices to each po(this is a set of 8 points till now) in the following way: W
poo(1:0:1:0:v2:1:1), poi(1:0:=1:0:—v2:-1:1),
p2,2(1:0:1:0:—\f2:1:1), p2}3(1:02—120:\62—121),
Poa(1:0:1:0:v2:=1:1), pas(1:0:-1:0:—v2:1:1), ©)
po6(1:0:1:0:=v2:-1:1), por(1:0:=1:0:v2:1:1).

Notice that in the notations given above, the index 7 of p;; bijectively corresponds to the signs
of (r1,r3,74), but the exact correspondence here is non-trivial.
2) Similarly, when p(z @y : 71 1 7o : 73 1 74 1 2) = p3;; is a point on the fiber f-!(g3) where
0 <i<70<j <1, its indices (i,7) are uniquely determined as: p3;; € Xc; is the connected
component that p lies on, j = 0 for sgn(Z) = 1, and j = 1 for sgn(;>) = —1. More precisely, we
have:
p30000:1:vVI+e:vV2+e:ve:Vite:l), p3o1(0:1:—V1+e:—vV2+e:—ve:—V1+e:l),
p310(0:1:vV1i+e: —vV2+e:vVe:Vi+e:1l), p311(0:1:—V1+e:vV2+e:—ve:—V1+e:1),
p3200:1:—=V1+e:—vV2+e:ve:—vV1+e:l), p3o1(0:1:V1+e:vV24+e:—e:V1+e:1),
p330(0:1:—vVI+e:vV2+e:ve:r—vVI+e:l), p331(0:1:vV1+e:—vV2+e:—e:V1+e:l),
P3400:1:vVI+e:vV24+e:e: —V1+e:1), p3,41(0'1'—\/1+€‘—\/2+6 —Ve:vVlte:1),

<

+
;

[a)
+

_|_

_|_
@)

[\
_|_
—

p375,0(0 L:ivVidte:—v24+e:ve:—vV1+e:l), p3s1(0:1:—vV1+e:V2+e:—\e:V1+e:l),

p3,6,0(0:1: —V1+e:—V2+e:Ve:V14e:1), p3,6,1(0:1 T+e:vV2+e: —ve: —/1+e:1),

p3,7,0(0:1 1+e:vV2+e:vVe:vVi+e:l), p377,1(0112\/1—|—61—\/2—|—6 —Ve:—V/1+e:1).
(6)



We give indices to each ps(this is a set of 8 points till now) in the following way:

p30(0:1:1:v2:0:1:1), pgs(0:1:1:—v2:0:1:1),
P32(0:1:—1:—-v2:0:=1:1), p33(0:1:-1:v2:0:—1:1), )

p34(0:1:1:v2:0:=1:1), p35(0:1:1:—=v2:0:—1:1),
p3e(0:1:—1:-v2:0:1:1), p37(0:1:-1:v2:0:1:1).

Notice that in the notations given above, the index i of p3; bijectively corresponds to the signs
of (r1,72,74), but the exact correspondence here is non-trivial.

3) Similarly, when p(x @y : 71 : 79 : 73 : 74 1 2) = psj; is a point on the fiber f-!(q4) where
0<i<70<j <1, its indices (i,j) are uniquely determined as: P4 € Xe; is the connected
component that p lies on, j = 0 for sgn(%) =1,and j =1 for sgn(%) = —1. More precisely, we
have:

p47070(1212\/24—62\/14-62\/14—62\/%!1), p4701(1:12—\/2+62—\/1+62—\/1+62—\ﬁ11),

’

p471,0(1:1:m:—m:m:\/€:1), p471,1(1:1:—\/2+€:\/1+6:—\/1—|—6:—\@:1)
p47270(1:1:\/2+€3\/1—|—€5—\/1+€2ﬁ:1), p472,1(1112—\/2+€Z—\/1+€:\/1+6:—\/g21),
paso(l:1:vV2+e:—VI+e:—vVI+e:ve:l), pisi(l1:1:—vV2+e:VI+e:VI+e: —e:l),
p47470(1:1:—@:—\/1—}—6:—\/1—%6:ﬁ:l), paat(1:1:vV2+e:vVI+e:VIte: —e:l),

paso(l:1:vV2+e:vVI+te:—vVI+e:ve:l), psi(1:1:—vV2+e:—vVI+e:VI+e:—e:l),
paco(l:1:—vV2+e:—vVI+e:Vite:ve:l), pier1(1:1:vV2+e:vVI+e: —/1+e: —e:1),
p477’0(1:1Z—\/2—|—62\/1—|—61\/1—|—€2\/E21), p477’1(1:1:\/Q—i—e:—\/l—l—e:—\/l—i—e:—\@:l).

)

(8)
We give indices to each py(this is a set of 8 points till now) in the following way:
pao(1:1:v2:1:1:0:1), pgg(1:1:v2:-1:1:0:1),
paa(1:1:v2:1:=1:0:1), pg3(1:1:v2:-1:-1:0:1),

(9)
paa(l1:1:—=v2:=1:-1:0:1), psgs(1:1:=v2:1:-1:0:1),
pag(l:1:—v2:=1:1:0:1), pyr(1:1:=v2:1:1:0:1).

Notice that in the notations given above, the index i of p4; bijectively corresponds to the signs
of (r1,72,73), but the exact correspondence here is non-trivial.

Note that in the notations above, pi;; is dependent on €. We omit € in the notations above
since there won’t be any ambiguities for the time being. The following theorem gives a CW-complex
structure on X (R) induced by that of X (R) for € > 0, and take the limit ¢ — 0.

Proposition 3. From the discussions given above, for any 0 < ¢ < 7, we have:
i) lim pa;o = Hm pain11 = p2; ii) im p3;0= lim p3ine,1 = P3;
E—>0+ E—>0+ 6—)0+ E—>0+
ili) im pgi0 = Hm pging1 = Da;
6*)0_’, E*)O_,.
where A denotes the bitwise xor operation for binary integers.

Proof. Tt follows directly if we check the exact form of coordinates of pa ; j, p3,i,j, Pa,i,j, and p2;, p3.i, Pa,i
for indices 0 < i < 7,0 < j <1 given above carefully. O



We are going to study the deformation X (R) of X(R) in the case when e < 0. Notice that
actually we have the identity X (R) = X((R). The behavior of f. when e < 0 is more complicated

than the cases when € > 0 or e = 0. To get some insight to this scene, we first study a similar toy
model on RP3.

Definition 6 (Toy Model). We consider the deformation of cone singularity at the origin of
R3. Let Y C P?® = ProjZ[z,y,r1, 2] be the projective variety defined by the homogeneous ideal
I(Y) =< 2? +y? —r? >. Let Y. C RP3 = ProjR[z,y, 71, z] be the projective variety defined by the

homogeneous ideal I(Y;) =< 2% + y? + €22 — r? >.

Theorem 1. 1) In the toy model given above, i) when ¢ > 0, Y.(R) is diffeomorphic to the 2-
dimensional unit sphere in R3.

ii) When € = 0, Yp(R) = Y(R) is diffeomorphic to a 2-dimensional unit sphere with north and
south poles adjoined. We take this example as a typical model for all cone singularities.

iii) When € < 0, Y,(R) is diffeomorphic to a 2-dimensional torus, which is the product variety
of two unit circles T = S! x S!.

2) Return to the case of X (R) where ¢ < 0, we claim that X.(R) is a smooth connected
2-dimensional variety diffeomorphic to a genus 25 orientable surface. Caution: The proofs of argu-
ments 1) and 2) are done intuitively, more rigorous proofs are needed in the future.

Proof. 1) Part i) is very simple, embed Y,(R) inside the chart {r; # 0} C RP?3 gives the required dif-
feomorphism. More precisely, it’s given by g : Y(R) — R3, for any p(z : y : r1 : 2) € Ye(R), g1(p) =
(%, %, %) g1 is well defined since its homogeneous of degree 0, and r; # 0 for any p € Y (R).

ii) We let e vary continuously from some positive real value to 0, and consider the deformation of
Y.(R). Identify X (R) in the chart {r; # 0} with the image of g1 in R3, let n(0, 0, ﬁ), s(0,0, —ﬁ) €
X(R) be its north and south poles respectively. Their homogeneous coordinates are n(0: 0 : /e :
1),5(0 : 0 : —/e : 1) € RP3. Change the chart to be {z # 0} and set z = 1, we see that the
coordinates of the poles are n(0,0,+/€), s(0,0, —/€) in this chart. Let 0o(0:0:0:1) € Y(R) be the
cone singularity, When ¢ — 04, we have n, s — o, in this process we see that .

iii) For any p(x :y: 7 : 2) € Yo(R), let r = /22 + 42 = /77 — €22, we see that r > 0 holds for
any p € Y¢(R). Define g; : Ye(R) = Tc/£,p— (£ :2: 2 : 2) where Te = {22 + y? = r? —e2? =
1} ¢ R* =+ is the equivalence relation p ~ —p. Actally T./+ is the image of T, through the
canonical quotient map /Ry : R*\ {0} — RP3. To see that g; is well defined, take p € Y;(R),t € Ry,
then ¢1(tp) = (% : ﬁ—i{‘ : ﬁ%‘ : ﬁ) =sgn(t)(£ : 2 2) = gi(p). To see that T./=+ is
orientable, one argument is that the linear endomorphism ¢ : p — —p of R* is orientable since its
determinant is 1. Another approach is to parametrize T, by (R/27Z)2. Under this parametrization,
g(a,B) = (o + 7,8+ m), and we can thus visualize the action of g on a fundamental domain of
(R/277Z)2, and verify that the quotient surface is indeed orientable.

2) The above depiction of cone singularities and the topological changes that happen near these
singularities during the deformation when ¢ — 0 can give us intuition on the topological structure
near py; j,Pr; and sg; for 1 <k <4,0 <47 < 7,0 < j < 1. Proposition 2 and proposition 3 shows
that locally at each of the 32 points p;, ;, we are taking connected sum while varying e from positive
to negative through 0. Since originally there are 8 spheres in X(R),e > 0, and we know the way
of doing connected sums on these spheres, we conclude that the result manifold X (R),e < 0 is

connected and has genus 25. Question: Why is it orientable? O

Corollary 1. i) When € > 0, the Z coefficient homology groups of X (R) is given by:

HZ(XE(R>7Z) = ng Hl(XE(R)vZ) =0, HO(XE(R)aZ) =75



ii) When € = 0, the Z coefficient homology groups of Xy(R) = X (R) is given by:
Hy(X(R),Z) =78 Hi(X(R),Z)=Z%, Hy(X(R),Z)=L.

iii) When € < 0, the Z coefficient homology groups of X(R) is given by:
Hy(Xe(R),Z) = Z, Hi(Xc(R),Z) =2, Ho(X(R),Z)=LZ.

Now we move on to study the properties of f. when ¢ < 0. Recall that in proposition 1, we
showed that f. is well defined for any ¢ € R. But we only consider the scenerio of ¢ > —i for
negative € in this paper.

Proposition 4. 1) For € < 0, let s1, 82, 53,54 C RP? be four circles defined as follows:
s1= {22+ 9% = —e2?}, s ={(x —2)? +9* = —€2?},

s3={22+ (y—2)? = =%}, su={(z—2)*+ (y— 2)? = —e?} (10)

Let f7!(sy) be the fibers of s, 1 < k < 4. We claim that for each fixed 1 < k < 4, f7!(s;) can
be decomposed into 8 connected components as f.!(sg) = | |y<;<r ur,; where for each 0 < i < 7,
ur; C Xc(R) is diffeomorphic to a unit circle, and f, is an 8-fold smooth covering of s; while
restricted to f!(sp).

2) As long as p € X(R) does not lie on any of the circles f1(sx),1 < k < 4, locally f. is a
smooth diffeomorphism on a neighbourhood of p in X.(R). Thus we see that globally f. is a 16-fold
covering from X (R)\{uy;,1 < k < 4,0 < i < 7} to RP?\ U,y Dk, where Dy, = int(sg) U sy is
closed disk domain defined by sj and its interior. Dy, has radius v/—¢ on the chart {z # 0}. Note
that the interior of a sufficiently small circle is well defined on RP?.

Proof. 1) We show that the shape of each si,1 < k < 4 is indeed a circle. For any fixed 1 < k < 4,
assume p(z : y : z) € sk, notice that —e > 0, so the equation that defines sy forces z # 0. We
may set z = 1, then the zeros of each of the four equations form a circle on R?. Recall that we
restrict the domain of € to be (—%,0), S0 s1, 82, 83,84 are four disjoint circles on the plane, and
their interiors are disjoint. To study the shape of f=!(s;), we take k = 1 as an example. For any
plx iy :ryirg:iryirg 1) € f7s1), fe(p) = q(x sy : 1) € 57 C RP2. Tts inverse restricted
to a neighbourhood of p in f-!(s1) is given by (z 1y : 1) = (z:y: 0: £ /(a2 —1)2+y2 +¢€:
+/22+(y—1)2+e: £y/(x —1)2+ (y — 1)2 + € : 1) for properly chosen signs of 2,73, 74 locally.
So f1(s1) has 8 connected components uy; C X¢(R),0 < i < 7 depending on the signs of ro, 3,74
locally. Similar arguments hold for sg, s3, 54, and we may assign the indices of u; in such a way
that wy,; contracts to pr; € X(R) defined in definition 4 and definition 5 while taking the limit
e—0_,for1<k<40<i<T.

2) Note that on the chart RP?\ J; <<y Dk, fe is a 16-fold covering. We claim that the gluing
functions between these 16 charts along their boundaries uy,; preserves their orientation, and may
be viewed as taking connected sums.

O

Actually we may proceed our argument in the language of group actions. Let G' = (Z/27)%,
then G acts on X (R) by changing the signs of (r1,72,73,74).

3 Topological inspection of X(C) and X (C)

3.1 Geometric invariants of complex algebraic varieties

For convenience, let V' be a smooth, projective and geometrically integral variety over a field k.



Definition 7. 1) Kodaira dimension k = x(V) € {—00,0,1,...,dimV}: Let wy be the canonical
sheaf. Case i) If we have HO(V,w{y™) = 0 for any integer m > 1, then define x = —oo. Case ii)
If we have HO(V, w{‘?m) =% (0 for some integer m > 1. Then « is the integer such that there exist
c1,c2 € Ry such that

am” < dimp HY(V,w{™) < eam”

holds for all m > 0 such that H°(V,w{™) # 0.

2) Chern classes: there is a unique sequence of functions ¢y, ca, ... assigning to each complex
vector bundle E — V a class ¢;(E) € H*(V,Z), depending only on the isomorphism type of E,
such that:

a) ¢;(f*(F)) = f*(c;(E)) for a pullback bundle f*(E).

b) Via the Chern-Weil theory, a representative of each Chern class ¢ (V') is given as the
coefficients of the characteristic polynomial of the curvature form  of V (defined by Q = dw+3[w, w],
where w is the connection form and d is the exterior derivative):

itQ i
det( + ) = zk: (V)i

3) Hodge numbers: For a compact Kéhler manifold V' the torsion free part of the singular
cohomology H"(V,7Z) comes with a natural Hodge structure of weight n given by the standard
Hodge decomposition:

H"(V,Z)®C=H"(V,C)= @ H"(V,C)
p+g=n
Here, HP?(V,C) could either be viewed as the space of de Rham classes of degree (p,q) or as the
Dolbeault cohomology HY(V,€,)

4) Suppose FE is a holomorphic vector bundle on V. For every p < dimcV we have a sheaf QP (E)

whose sections are holomorphic (p, 0)-forms with coefficients in E. We set

HPUV,E) = HY(V,Q"(E)), WV, E) = dimcHP(V, E).
Then the holomorphic Euler characteristics is defined by

XP(V,E) =) (~1)h?(V, E)
q>0

Proposition 5. Let V' C P} be a nonsingular hypersurface defined by a degree-d polynomial. Then
the restriction map H?(P, Qﬁz) — HY(V,QY,) is an isomorphism when p+¢ <n — 1.

Proof. Let k = C, the weak Lefschetz theorem implies that the restriction map H'(Xgy,,C) —
H*(Yan,C) is an isomorphism for i < n — 1. The proposition is a consequence of this together with
the canonical Hodge decomposition and GAGA. O

Theorem 2. 1) With the help of Macaulay2 software, we finished calculating of the Hodge diamond
of X¢(C), and it’s given by:
h0,0 -1 hO,l -0 hO,Q -7

R0 =0, n't=64, AM2=0,
=1, B =0, B*?=1

Caution: I'm pretty sure that these Hodge numbers from Macaulay2 aren’t correct. Terry Tao’s
blog gave another argument to prove that X¢(C) is a surface of general type.



2) By examining the hodge numbers of X.(C) given above and the Enriques-Kodaira classifica-
tion for complex algebraic surfaces, our conclusion is that, X(C) is a general type surface, and it’s
Kodaira dimension is x(X((C)) = 2.

Proof. There are 3 relations about Chern numbers and Fuler characteristic of V' as follows:
A4e=12xx(V), & <3¢, 5 —cy+36>0.

We conclude that when V = X (C), 8 < ¢; < 17. Since the Kodaira dimension x(X.(C)) = 2 when

2, cy > 0, we know that X (C) is a surface of general type. Remark: Terry Tao wrote a blog about

this topic, see [1] O

3.2 Connections between real and complex algebraic varieties

We begin by listing some known results concerning the relationship between V(R) and V(C) for
any projective variety V over R. Recall that the homology groups of RP" and CP" are given by:

Ho(RF",Z) =7, Hy 1(RF",2) = 75,1 < k < [3],
H,(RP",Z) = Z for odd n, H,(RP",Z) =0 for even n,
Hgk(CPn,Z) = Z,O < k < n, Hgk_l((CIP”,Z) = 0, 1< k <n.

Theorem 3 (Thom65). Let V be a projective variety over R. Then

D H(V(R),Zg) <> hA(V(C),Zo)

where h'(V(R), Zs), h*(V (C), Z3) denotes the dimension of the Zy-vector space H (V(R), Zy), H(V(C), Zs)
respectively. The equality frequently holds in this theorem. Question: When will the equality in
this theorem hold?

Good news is that, I'm confident that my calculation for the homology groups of X (R), X(R)
is correct. So by the above inequality, we know that the sum of the Hodge numbers of X (C) is at
least 34, and the sum of the Hodge numbers of X (C) is at least 52.

Theorem 4 (Sullivan71). Let V' be a projective variety over R. THen
WV(R) = x(V(C))  mod 2
where x denotes the Euler characteristic. The choice of the coefficient field does not matter.
Now, all the X(C) are diffeomorphic for different non-zero € with sufficiently small norm.

Proposition 6 (Warm up). 1) Let s be the conic curve s = ProjZ[z,y, 2]/ < 22 +y? — 22 >C P2,
and we mainly consider its complex points s(C). Define a map f : s(C) — CPLp(x : y : 2)
q(x : y). Then f is well-defined since f(tp) = f(p) and f(p) # (0 : 0). f is a 2-fold covering
when ¢ # qo(—i : 1),q1(i : 1). f is a 1-fold covering on ¢p,q1 and s(C) N {z = 0} = {qo,q1}. A
CW-complex and chain complex structure of s(C) is given by:

™ z ™ z ™
63:{27&07_§<3rg$_iy<§}7 eé:{z7é07argx_iy:§},

™ 37T z T
6%2{2#0,§<argx_iy<7}, 6%:{Z#O,argx_iy:—§}7

eQ(—i:1:0), €i:1:0), Ohed=cl—el, el =rci—c}, Oieh=01e] =el —eb,
Ay =Ted DTe2, Ay =Tel ®Zel, Ay =Zed®Ze,
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So its homology group is given as follows (we provide those of s(R), which is just a unit circle,
as a comparison): Question: How to calculate its Hodge numbers?

Hy(s(C),Z) =7, Hi(s(C),Z)=0, Hy(s(C),Z) =72,
Hi(s(R),Z) =7Z, Ho(s(R),Z) =7

2) We also consider the degenerated conic curve s = ProjZ[z,y, 2]/ < x? +y?> >C P2, The
complex variety s(C) is isomorphic to two complex projective lines gluing at one point. As a
comparison, s(R) is isomorphic to a single point, while for s’ = ProjZ[z,y, 2]/ < z? — y? >C P2,
s'(R) is isomorphic to two circles gluing at one point.

H2(S(C)vz) :Z27 Hl(S(C),Z) =0, HO(S(C)vz) =17,
Hi(s'(R),Z) = 7%, Hy(s'(R),Z) =7

We consider the deformation of cone singularity at the origin of C3. Let Y C P? = ProjZ[z,y, 1, 2|
be the projective variety defined by the homogeneous ideal I(Y) =< 22 + y> —r? >. Let Y, C
CP3? = ProjC[z,y,r1,2] be the projective variety defined by the homogeneous ideal I(Y.) =<

22+ y? +e2? — 7“% >, here we may take € to be any complex number with sufficiently small norm.

Theorem 5. 1) In the toy model given above, i) A CW-complex structure of Y (C) can be given as
follows: let g : Y(C) — CP2,p(x :y : 71 : 2) = q(z : y : 2). Since g(tp) = g(p) and g(p) # (0:0:0),
g is well-defined. Its singularities are those points in Y (C) with r; = 0. Let s = {z2+y? = 0} C CP?,
on the chart {z # 0}, it is the union of two lines Iy = {z + iy = 0} and I} = {z — iy = 0}. When
z = 0, s includes two points at infinity of ly, {1, they are lpoo(—¢ : 1 :0) and l100(¢ : 1 : 0). The
intersection of [y and I3 is ¢1(0 : 0 : 1). Claim: s is locally smooth everywhere besides ¢;. In the
chart {y # 0}, set y = 1, then s = {p(z : 1 : 2),22 + 1 = 0} C {y # 0} C CP? is the union of two
parallel lines. Combining the depiction of s in the chart {z # 0}, our claim has been verified. So
the CW-complex structure and homology of s can be given as:

q1(0:0:1), lo={z+iy=0\{a1}, l={z—iy=0\{a},
Ay =Zly®Zl, A1 =0, Ay=Zaq,
Hy(s,Z) =17% Hi(s,Z) =0, Hy(s,Z)="17.

lo, 11 given above contains their points at infinity, and are diffeomorphic to the complex line C'. All
the boundary maps in the chain complex above are zero.

g is a 2-fold covering from Y (C)\g~!(s) to CP?\s. For any q(z : y : 2) € CP?\s, g~ '(q) = (= :
y: /2?2 +y?:2). gis a 1-fold covering from g~1(s) to s. Let m : CP?\s — CP!\{0,00} = C\{0}
be a fiber bundle defined by 7 : (z : y : 2) = (u : v),u = x +iy,v = x — iy. Then 7 is well-
defined since 7(tp) = 7(p),t € C* and u,v # 0 on CP?\s. Since z = %(u +o),y = %(u — ),
its inverse is defined by 771 (w) = (3(u +v) : 5(u —v) : z) = C! for w(u : v) € CP'\{0,00}.
So every fiber of a single point is isomorphic to C!. Actually we can extend the definition of 7
tom: CP\{¢1} — CPY(z :y:2) — (z+iy: x—iy). Itis well-defined outside {q;}, and
7(lp) = (0: 1) = wo,7(l1) = (1 : 0) = weo. A CW-complex and chain complex structure of CP! is
given as follows:

wo(0: 1), wee(l:0),
et = {w, R(w) < 0,3(w) =0}, e = CP'\{wp, woo }\e?,

2 1
Ore” =0, O1e = we — wWy.
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We get a CW-complex and chain complex structure of CP?\{q;} through a lift-up along 7!

CPQ\{ql} =l u loUlyq,

64:7771(@2):{(a::y:z),x+iy750,x—iy750,argx+ly7é7r},
Yy

S=nteH={(z:y:2),z+iy#0,z —iy #0, arg — T =7},
— iy

lg = 7['71(11)0), h=m 1(woo), 846 =0, 836 =11 — 1y, Olg=0sl1 =0.

Moreover, we get a CW-complex and chain complex structure of Y (C) from that of CP? through
a lift-up along ¢! (remember the action of gt on sis (x:y:2) > (x:y:0:2)):

Y(C)\g~Y(s) = egUed Uejled, g7l(s) =ed Ll e% el

7& T},

egUel ={(x:y:r :2),x+iy #£0,2 —iy #0, arg

esUed={(x:y:r :2),x+iy #£0,2 —iy #0,arg +Zy:ﬂ'}’
—zy

eg=9""(lo), ef=g (L), €(0:0:0:1)=g""(q),
Ay =TZey ®ZLet, Az =1TZed ®Zed, Ay =Tel @ Le?, A1 =0, Ay=7Ze,
Forany p(x :y:r : 2) € 60 L e3, we have = + iy # 0,7 — iy # 0, and there exist A < 0, such

that x + z'y = AN — iy) So rf = (z + iy)(z — zy) = Az —iy)%, 11 = £VA(x — iy). We may define
7 (both 7y and x — iy are non-zero in these cells):

3 4
ed,e3 and eg, ef

e ={(x:y:r :2),x+iy #£0,2 —iy #0,arg _lzy—g}’
e ={(z:y:ricz)atiy#0,a —iy #0,arg 1iy:_g},
eéz{(x:y:m: )x+zy750$—zy7é0—§<arg f}
e‘f:{(x:y:m: )x+zy7$0x—zy7é0 <arg }

4 3 3 4 3 3 2 2
8460 == 61 - 607 8461 == 60 - 61, 8360 8361 61 - 607 8260 - 8261 == 0

So the homology groups of Y (C) are

H4(Y(C)7Z) = Z7 H3(Y((C)3Z) =0, HQ(Y((C)?Z) = Za
There is another route to construct the CW-complex and chain complex structure for Y (C).
Let pooo(—i : 1 : 0 : 0),ps01(é : 1 : 0 : 0) be points in Y(C) such that = z = 0. De-

fine m @ Y(C)\{Poo,0,Po01} = CPL(x : y : 7 : 2) + (r1 : 2), then this map is well-defined.
Y (C)\g~*(s)\{z = 0} can be divided into 4 regions according to the argument of Z- (note that we
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can’t directly consider arg(rq) since it’s not well-defined):

4 _ g T Ty rp(L 3 _ o7y oy =0 (2
dy={-5 <ag— <5} ={R(7) >0}, dy=H{ag—=5}={R(7)=03()>0}

T T = () <0}, dt=fag =Ty = (R(D) =0,8(2) <0},
Y(©N{rn =0} =g s) =, V(€ n{s=0}=&
B=gs)={(z:y:0:2),22+9* =0}, &E={(z:y:r:0),2%+y*>=r},
daoz{(x:yzo:z),x—i—iy:O}, d§,1 ={(xr:y:0:2),z—iy =0},
Poo0(—i:1:0:0), Pooi(i:1:0:0), Y(C)\g '(s)\{z=0}=djudiudiuds
Oydy = d3 — d3, 04d} = d3 —dS, 03ds = 03ds = df — d2,

di = {g < arg n

ii) When € # 0, Y,(C) is diffeomorphic to a complex 2-dimensional sphere. We may only
consider the case when € = —1 since the complex structure of Y(C) are all the same for different
€ # 0. Then the polynomial that defines Y(C) becomes x? + y? = rf + 22. We may rewrite it as
(x + 1y)(x —iy) = (r1 +i2z)(r1 — iz). By a change of variable, we see that Y (C) is isomorphic to
ProjClwg, w1, we, w3]/ < wowi—wows >, where wy = x+iy, w; = r—iy, we = r1+iz, w3 = r1—iz. In
the chart {ws # 0}, set w3 = 1, then the projection (wp : wy : wy : 1) — (wp,w;) is an isomorphism.
Points of Y;(C) where w3 = 0 is isomorphic to {wow; = 0} C CP? = ProjC[wo, w1, ws], which is the
union of two affine complex lines and one intersection point. The CW-complex and chain complex
structure of Y(C), as well as its homology groups are given by:

Ay =76, A3=0, Ay=7e D72, A =0, Ay=7Zc,
8428328228120,
Hy(Y(C),Z) =7, Hs(Ye(C),Z) =0, Hy(Y(C),Z) =727
Hy(Ye(C),Z) =0, Ho(Ye(C),Z) = Z.

2) Return to the case of X(C) and X (C), their CW-complex structures are hard to compute.
Define f: X(C) = CP2, p(z:y:71:7m2:73:74: 2) = (2 :y: 2) € CP?, then f is well-defined since
f(tp) = f(p),t € C* and f(p) # (0:0:0). Forany q(z:y:2) € CP?, f~Yq) = (z:y: /a2 +1y2:
Ve —2)2+y2: /22 + (y—2)2 . /(x — 2)2 + (y — 2)2 : 2) where the square root functions above
are multi-valued. Let analyse the size of the fiber f~!(q) for different ¢ € CP2. Denote four conic
curves and their irreducible components in CP? by

s 224+ 42 =0, ho:x+iy=0, l11:2—1iy=0,
st (=22 492 =0, lho:(r—2)+iy=0, lo1:(x—2)—iy=0,
syt (y—2)?2 =0, lsg:x+ily—2)=0, l31:2—i(y—2z)=0,
s (=224 (y—22=0, lag:(x—2)+ily—2)=0, Ily1:(x—2) —i(y—2)=0.

The 8 projective complex lines above has 18 joints in total, 2 of them meets 4 lines respectively,
16 of them meets 2 lines, among which 4 of them belong to single conic curve listed above. The
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coordinates of these points are given as follows:

Goo0(—0:1:0), @oo1(i:1:0),

de,1,2(% : % :1), de71,3(—% : % 1 1), de,1,4(1 ;Z ! —2H :1),
de,2,1(% : —% : 1), q(jb72,3(1 ;Z : % . 1), qdb72’4(2 ;Z : % :1),
de,3,1(% : % : 1), qdb73,2(1;i : l;ri . 1), qdb7374(% : ? :1),
de,4,1(1 ;Z : 1 ;l 1), de,4,2(¥ : % 1 1), de,4,3(% : Q;i ),

@1(0:0:1), ¢1:0:1), ¢3(0:1:1), qu(1:1:1).
We follow the notations of /; ;,1 <7 < 4,0 < j < 1 given above, but exclude 5 intersection
points from each one of them. Let s = (J;-,, $; be the union of the four conics above. Then a
disjoint union of s can be written as o

5= |_| l; |_| qi |_| qdb,i,j |_| Goo,j

1<i<4,0<<1 1<i<d 1<iAj<4 0<j<1

We want to analyse the topology of CP?\s and s in detail. Define 7y : CP?\{goo 0} — CP!, (2 :
y:2) = (x+iy:z), m : CP?\{goon} = CPL, (z:y: 2) — (z — iy : 2), then mp, m are well-defined
since their images can’t be (0 : 0). While its domain is restricted to CP?\s, the fiber 7, '(g) of m
at any point g(u : 1) € CP!'\{oc} is a complex projective line minus 4 points. For oo(1 : 0) € CP!,
its fiber 7, ' (c0) is a complex projective line minus 2 points.

f is 16-fold on CP?\s, 8-fold on s besides the 14 joints between different conics, 4-fold on 12
joints which each meets 2 lines, and 1-fold on 2 joints which each meets 4 lines. So formally we have
the following partition of X (C) ignoring boundary maps, and its euler characteristic is known:

X((C) = |_| 16 x ((CPQ\S) |_| 8 X (5\{de,*7 QOO,*}) |_|4 X qdb,x |_| oo,

X(CPA\s) =9, x(\{ddbs doo,s}) = X(8) = X(dab) — X(doo ) = =20,
X(gabs) =12, X(goox) =2, X(X(C)) =169+ 8% (—20) +4 %12+ 2 = 34.
X(C)\f(s)\{z = 0} can be divided into 256 regions according to the arguments of "L, 72 8 T4

More precisely, we set z = 1 in the chart {z # 0}, and divide ran(r;) = C\{0} into 4 parts:
do = {~5 < arg(n) < T} = {R(n) > 0}, di = {arg(r)) = 7} = {R(r)) = 0,3(r) > 0},

dy = (5 < arg(ri) < 2} = {R(rs) < 0}, ds = {arg(ri) = —2} = {R(rs) = 0,3(r)) < 0}.

Proof. O
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4 Rational points on X and X,

4.1 Prerequsites - Galois cohomology, class field theory and p-adic analysis

Definition 8. A number field is a finite extension of Q. A global function field is a finite extension
of Fp(t) for some prime p or, equivalently, is the function of a geometrically integral curve over a
finite field IF;, where ¢ is a power of some prime p. Equivalently, a global field is the fraction field
of a finitely generated Z-algebra that is an integral domain of Krull dimension 1.

By a place of k, we always mean a nontrivial place of k. Let € be the set of places of k.

If S is a finite nonempty subset of (i containing all the archimedean places, then the ring of
S-integers in k is

Oks ={a € k,v(a) >0 for all v ¢ S}

The adele ring of k is defined as the restricted product

/

A=Ap =[] (b, O0)

vEQ

it is a k-alglebra for the diagonal embedding of k, and it is equipped with the unique topology such
that: A is a topological group under addition; 2) the subset Hveﬂk O, is open; and 3) the subspace
topology on Hveﬂk O, agrees with the product topology.

The image of k in A is discrete, and A/k is compact.

Definition 9 (Galois cohomology). If A is a commutative group scheme over a field k, then the
notion HY(k, A) denotes the Galois cohomology group HY(Gal(ks/k), A(ks)), where ks denotes the
separable closure of k. This definition is made so as to agree with the étale cohomology group
HY, (Speck, A) of the sheaf defined by A on the étale site of Speck.

Intuitive guess: In our example, k = Q and A = (Z/2Z)* = SpecQla1, az, as, as]/ < a? —1,a3 —
1, a% -1, %21 —1 >, and the group multiplication is given by element-wise multiplication. For a group
G and an abelian G-module M, we may define its cohomology groups H4(G, M),q > 0. If G acts
on M trivially, then H'(G, M) = Hom(G, M). 1 guess this is the case we are facing.

Note that A = (Z/2Z)* is an abelian group, so we have Hom(Gal(Q;/Q), A) = Hom(Gal(Qg/Q),
Actually we can go one more step, define the field Q¥ = Q(v/2, V5, v13,V17...), (Q with all \/p
adjoined where p =2 or p =1 mod 4).It is the smallest field that contains all the square roots of
z? + 4%, where x,y € Q. Here I want to quote some famous results in class field theory that might
be used in this paper.

Theorem 6 (Local and global class field theory). 1) For any prime p, Gal(Qp[up=<]/Qp) = Z,;, the
right hand side is isomorphic to (Z/pZ)* x Z, when p is odd. When p = 2, ZJ is isomorphic to
(ZJAZ)* X Zas.

2) Globally, we have

Gal(Qq/Q) =2" = [] Z

p prime

3) If p;,1 < i < n are different primes that are 2 or have residue 1 modulo 4. Let L =
Q(\/P1; ---A/Pn), then Gal(L/Q) = (Z/2Z)". As a result, we have

Gal(Q¥*/Q) = lim(Z/22)" = 11 7.)27,

prime p=2 or p=1 mod 4

Question: does the right hand side hold? I want to give it a factorization as in 2)
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Let G = Gal(Q%*!/Q), then for any ¢ € QP2 there is an G-action on the fiber X, = f~!(q).
But in our scenerio A = (Z/27)* acts on X, by changing the signs of r1,72, 73,74, and this action
includes all the possible G-actions on the fiber X,, so the G-action on X, gives a homomorphism
in Hom(G, A) = H'(G, A). Note that usually we can only get a homomorphism from G to the
symmetry group of #.X, elements. The claim above restricts the image of such a homomorphism
inside A.

Proposition 7. We ask the following questions on every p-adic local ring Z,: What numbers can
have square roots inside Z,? What are the domain and range of exp, log, and (1 + 2)® for fixed a?
Here we define the exponential and logarithm function by

exp(a i log(1 + «) i ) 1a ) (1+x)o‘—z<z>:ck

n=1 k>0
We require that o € Z,,. The answers are given below:
1) For p =2, r = 2%, v2(b) = 0 has a square root in Zy if and only if 2|a,b =1 mod 8. exp(«) is
absolutely convergent when ve(a) > 2, log(1 + «) is absolutely convergent when vy () > 1.
2) For p # 2, r = p®,v,(b) = 0 has a square root in Z, if and only if 2|a, (g) = 1. exp(a) is
absolutely convergent when v,(a) > 1, log(1 + «) is absolutely convergent when va(cr) > 1.
3) If a is a non-negative integer, then certainly (1 + x)® is well defined for any x € Z,. For any
other values of «, (1 + x)“ converges absolutely when v,(z) > 1.

7’L
nl’

Proof. If a € Z,, then the binomial coefficient (z) € Zp for all non-negative integer k, so the
generalized binomial formula converges absolutely for v,(x) > 1. Note that % € Z, when p # 2, so
we get the analytical expansion of square root function in this case. O

4.2 Results assuming Bombieri-Lang conjecture

Conjecture 1 (Bombieri-Lang). Let X be a smooth projective irreducible algebraic surface defined
over the rationals Q which is of general type. Then the set X(Q) of rational points of X is not
Zariski dense in X.

As [1] says, the Bombieri-Lang conjecture has been made for varieties of arbitrary dimension,
and for more general number fields than the rationals, but the above special case of the conjecture
is the only one needed for this application. The Bombieri-Lang conjecture is considered to be
extremely difficult, in particular being substantially harder than Faltings’ theorem, which is itself a
highly non-trivial result. So this implication should not be viewed as a practical route to resolving
the Erdos-Ulam problem unconditionally; rather, it is a demonstration of the power of the Bombieri-
Lang conjecture.

4.3 Descent obstruction

Theorem 7 (The descent obstruction to the local-global principle). Let k be a global field, X
be a k-variety. All the cohomologies below are fppf cohomologies. One can show that there is an
injection X (A) — [], X (ky), so an element of X (A) will be written as a sequence () indexed by
the places p of k. The set X (k) embeds diagonally into X (A).

A torsor f: Z — X under a smooth affine algebraic group G over k restricts the locations in
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X (A) where rational points can lie. Namely, the commutativity of the following diagram:

X(k) — X(A)

! J

HYk,G) —— [1, H' (ks G)

Following the obstructions from functors, X (k) is contained in the subset X (A)/ C X (A) consisting
of points of X(A) whose image in ][, H'(k,,G) comes from H!(k,G). One can also show that

X'= U r@a),

reH(k,G)

and that X (A)/ is closed in X (A) if Xis proper. One can constrain the possible locations of rational
points further by using many torsors:

X(A)Hl(X,G) _ m X(A)f, X(A)descent _ m X(A)Hl(X,G)
G—torsors f:Z—X smooth af fine G

Then X (k) C X(A)%scent ¢ X(A). One says that there is a descent obstruction to the local-global
principle if X(A) # @ but X(A)desce”t =g.

The following definition is extracted from [2], section 5.12.

Definition 10. 1) Let k be a field, let G be a smooth algebraic group over k. The trivial G-torsor
over k, which for convenience we denote by G, is the underlying variety of G' equipped with the
right action of G by translation.

2) A G-torsor over k (also called torsor under G or principal homogeneous space of G) is a
k variety equipped with a right action of G such that Xy, equipped with its right Gy, -action is
isomorphic to Gy, (the isomorphism is required to respect the right actions of Gy, ). A morphism
of G-torsors is a G-equivariant morphism of k-schemes.

3) Let X be a quasi-projective k-variety, let k’/k be a Galois extension of fields. A k/k-twist
(or k' /k-form) of X is a k-variety Y such that there exists an isomorphism ¢ : Xy — Yir. A twist
of X is a ks/k-twist of X.

4) Let € be a category with finite products. Then a group object in € is an object G' equipped
with morphisms m, i, e satisfying the group axioms: associativity, identity and inverse. A group
scheme G over a scheme S is a group object in the category of S-schemes.

5) Let G be a group, and let S be a scheme. For each o € G, let S, be a copy of S. Then
|_|U€G S, can be made a group scheme over S, by letting m map S, xg.5; isomorphically to S, for
each o,7 € G. This is called a constant group scheme.

Example 1. 1) Let L D k be a finite Galois extension of fields. Let G be the constant group scheme
over k associated to Gal(L/k). Then the left action of Gal(L/k) on L induces a right action of G
on SpecL that makes SpecL a G-torsor over k.

2) Let T be the torus 22 + 232 = 1, then the affine variety X defined by 22 4 2y? = —3 in Q?
can be viewed as a T-torsor over Q. It is a nontrivial torsor, since X(Q) = @.

3) For any fixed smooth algebraic group G over k, we have bijections:

{G-torsors over k} = {twists of G} = H'(k,G)
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The set of k-isomorphism classes of k' /k-twists of X is a pointed set, with neutral element given
by the isomorphism class of X. The action of Gal(k’/k) on k' induces an action of Gal(k’/k) on the
automorphism group AutXy. There is a natural bijection of pointed sets

{K' [ k-twists of X}

k-isomorphism

— HY(Gal(K'/k), AutX})

Proposition 8. 1) Twisting a right torsor f : Y — X under G by a cocycle o € Z(k, G) produces
a right torsor f7 : Y? — X under the twisted group G?. The subset f?(Y?(k)) C X (k) depends
only on the class [0] € H!(k, G).

2) H'(X, Q) classifies X torsors under G up to isomorphism. We have the following partition:

Xk= U reow)

ceH(k,G)

3) Let f: Z — X be an G-torsor over X, and let £ be its class in H(X,G). If z € X (k), then
its fiber Z, — {x} is a G-torsor over k, and its class in H'(k,G) will be denoted &(z). Thus the
torsor f gives rise to an evaluation map

X(k) = HY(k, @), z— &(x).
Example 2. Suppose that we want to find the rational solutions to
y? = (2 +1)(2* +1)

Write z = %, where X, Z are integers with ged(X,Z) = 1. Then y = % for some integer Y with
ged(Y, Z) = 1. We get

Y2 _ (X2 +Z2)(X4+Z4)
If a prime p divides both X2 + Z2 and X* + Z*, then

Z2=-X? modp, Z*=-X* modyp,
274 = (722 + 7' = (- X2)2 + (=X =0 mod p,
2X4 = (X222 + X1 = (=222 +(-ZY) =0 mod p,
But ged(X,Z) = 1, so this forces p = 2. Each odd prime p divides at most one of X2 + Z? and
X* 4+ 7%, but the product (X2 + Z2)(X* + Z%) is a square, so the exponent of p in each must be

even. In other words, X* + Z* = cW? for some ¢ € {1,2}. Dividing by Z* and setting w = 2%

72 we
obtain a rational point on onw of the following smooth curves:

Y1:w2:3:4—|—1, Y2:2w2:m4—|—1.

Each curve Y, is of geometric genus g where 2g+2 = 4, i.e. ¢ = 1. The point (z,w) = (0, 1) belongs
to Y1(Q), and (1, 1) belongs to Y2(Q), so both Y7, Y5 are open subsets of elliptic curves.

1

4.4 Rational points on X, for ¢ = ;

Observe that the topological structure of X (R) is most simple when e > 0, comparing with
those cases when ¢ = 0 and € < 0. This observation inspires us to ask the following question:

Question 1. 1) For what € € Q., does there exist rational points on X(R)?
2) How many rational points are there in X (R) for a given special value of € € Q7
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The second observation is that we may exploit the symmetry from the certain given arrangement
of the four points in problem 1. If we set x = y = %, z = 1, then the absolute value of r1, 79,713,714
are all equal. More specifically, we may choose € = %, then po(% : % :1:1:1:1:1) € X(Q) is a
rational point. We want to compute the tangent plane of X (R) at point py, and we set z = 1 for
convenience.

Definition 11. We start by naming the polynomials that generates the ideal I(X,). Let

Fir=2> 49> +e—1r2 Fo=(x—1)%+9>+e—13 ()
Fys=a?+(y—1)2+e—12 Fy=@x-1)2%+y—-12+e—r7.
The differential of the polynomials above are given by:
dF; = —dy d
e 82r2+3r3 oy
The gradients, i.e. all the partial derivatives of F}, F5, F3, F; are given as follows:
grad(Fy) = (2z,2y, —2r1,0,0,0),
grad(FQ) = (2($ - 1),2?],0,—27“2,0,0), (12)
grad(Fg) = (va 2(y - 1)) 07 07 _27“37 0)7
grad(Fy) = (2(z —1),2(y — 1),0,0,0, —2ry4).

In the chart {z # 0} we set z = 1. Since f. gives a local parametrization of X(R) near point
pg(% : % :1:1:1:1:1), whose exact expression is:

7'1:\/3:2+y2+6 ro=+/(z —1)2+y% +e

r3 =22 + 24¢, r=+(z-124+y2+e 13)
The tangent vectors of X (R) at any p(x :y:7r1:ra:r3:7rg: 1) € X (R) is given by:
va(1,0 T z—1 z z—1
VR e -1y e Vel r(y— 1P e - 124 (y - 1)2 e 14)
0,(0, 1 y Y y—1 y—1

VRt -1y e etk (y— 1P e V(@ - 1)2 4 (y - 1) te
More specifically, at pg(% : % :1:1:1:1:1), these two vectors are:

1 11 1 11 1 1
1,0, =, —=, =, —= S ).
vx( ) 727 2727 2)7 Uy( 9 72727 27 2)
We can map the variety X to a hypersurface in Z € P3. The morphism is given by
T X P p@iy:riirmirsirgiz)—ap)=(x:y:r:2), r=r14+r+r3+rs

Define the image 7(X) = Z, it is a hypersurface in P defined by the ideal

I(Z)=<h> h=]](r- Y glrirarsr))

geq 1<i<4

By Galois theory, h is a 16-degree homogeneous polynomial in Z[x,y,r, z]. I used SageMath to
calculate its exact form, but it is too complicated to be presented here.
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4.5 Yuan Yang’s argument on rational points with fixed z-coordinate

Theorem 8. Let r be a non-zero rational number, ¢;(0,0), ¢3(0, 1), the following are equivalent:

1) There is a rational point ¢(z,y) on the line z = r such that 71, rs are rational numbers.

2) The elliptic curve E, : y? = 2% + (& — 1)2? — T%x + L has rank at least 1.

r2 =
Proof. O
In [5], Berry wrote the equations in the following form with z,y eliminated:

2(ri +2Y) 41y + 1y =20 +13) (] +27), i =13+

The elimination of x,y can be performed as follows:

2 2., .2 2 2., .2
9 2 _ 2 9 _ri—ryt=z 2 __ 2 9 _ri—ry3+z
T2 — 2" =1r] —7), :1:—72 , 2Yyz—z"=r]{—r3, y—72 ,
z z
2?2 (rf—r3+2%)%  (rf—ri+2%)2  2rf+r3+rg+ 220+ 4r222 — 2008 + 22)(r3 +13)
L= vy = 422 472 - 422 ’

2rt + 15 + s+ 224 = 2002 + 22 (r3 +13)

The quartic equation is the only constraint for 3-distance problem of ¢;(0,0),g2(1,0), ¢3(0,1).
It turns out that its complex points S(C) is a Kummer surface, i.e. a quartic surface with exactly
16 singular points. Actually in the 3-distance problem, there are infinitely many one-parameter
families of rational points on S. In [5], the author summed up our knowledge of the 3-distance

problem in the following theorem:

Theorem 9. 1) The curves given in the table below are parametrized curves on S. Up to symmetry,
there are no further parametrizable cueves on S of degrees 2 or 4.

2) Infinitely many parametrizable curves can be obtained starting from Cj, by successive pro-
jections from nodes 1 and 2.

1 :17752, T2:t2+2t*1, r3:t2+1, z=r1+17T92,

r o= 4t — 4843 + 192t% — 384¢ + 256, 1o = 5t* — 483 + 14412 — 128t + 64,
rL+rs

2 M

ro=15 4+ 1265 + 21t* — 1663 — 2112 + 4t — 1, 1o = 15 + 67 + 20¢* 4+ 4443 — 13t2 — 2t — 1,

re =10 + 485 + 7th + 2483 +39¢2 — 12t + 1, 2 = 1067 + 40t* + 28¢3 — 2442 + 10¢,

r =8t — 16t5 — 8t° — 83 + 1612 + 8¢, 1o =5 — 8t7 + 12t5 + 24¢° — 10¢* — 24¢3 + 1262 + 8¢ + 1,

rg =5+ 1210 — 3265 — 10t* + 3263 + 1262 + 1, 2 = 3440 + 22t — 44?2 + 1,

re = t* — 16t° 4+ 144¢62 — 384t + 320, 2z =

While solving the equation in @g“t for sufficiently large p, can we identify which point has small
height? If p € X (@g“t) is such a point that z,,y, € Q, with their heights bounded by H, what can
we say about it? We require that p is larger than height of 22 + 2, (z — 1)%2 + 2, 22+ (y — 1)%, (v —
1)2 + (y — 1)%. A well-known theorem is that there are only finitely many extensions of Qp having
a fixed degree. When the degree is 2, quadratic extensions of Q, are classified by (Q) /(Q;)*)\{1}.
When p # 2, Q;/(Q;)Z = {1, w,p,wp} where w is a non-quadratic residue modulo p. When p = 2,

20



Q5 /(Q5)? = {1,3,5,7,2,6,10,14}. Let 119 € [p] U [p]v/w be a solution to 2% + y? = 7"%,0 mod p.
Then the analytical solution is

22 + 12 1/2 z? + g
7’1—(362+y2)1/2—7’1,0(1+(T,Qy—l))lﬂ—?"lﬁZ(//f)tlfy t1 = - -1

2
1,0 k>0 71,0

Similarly we can define the following variables:

r—1)2 442 1/2
ro = ((gj _ 1)2 + y2)1/2 — 7“270(1 + ((TQ)y _ 1))1/2 =y 2 : ( ]é )té;’
2.0 k>0

“+(y—1)? 1/2
ry = (12 + (y _ 1)2)1/2 — 7«370(1 + (flf';é/) _ 1))1/2 _ 7“3,02 ( ]é )tlg,
3,0 k>0

ra=((x —1)2 + (y — DAY2 = r40(1 + ((x — 1)27:; v— 17 — )2 = 74,0 Z (1/{12> t
4,0 k>0

C )2 4 g2 2 —1)2 —1)2 —1)2
G 2) Y 2t +(§ ) PG ) ;F(y R
72,0 T30 74,0

In order to prove that 71,79, 73,74 aren’t all rational, it suffices to show that for any x,y € Q,
at least one of r1,rg,r3, r4 has bad rational approximation. That is, |r; — /|, > § for any rational
r’ with bounded height. We formalize this idea as follows:

(Va2 + g2V (@ = 12 + g2 —rhl+[Va? + (y — 2=+ (@ = 1)2 + (y — 1)2=r4| > 6(H) > 0.

for a suitably chosen norm |- |, and z,y,r],rh,rs, 7} € Q are rationals with bounded height H.
Note that square root of a over R can be calculated by the iteration z,41 = % + 57— starting from
xg = 1. This is known as Babylonian method, it’s a quadratically convergent algorithm. We may
also use continued fractions to approach r;. If r; € Q, then its continued fraction terminates. The
problem turns to the following question: for any x,y € Q, prove that at least one of the 4 continued
fractions is infinite.

2% + 97 —wf| + (@ = 2)* + 4 —ud| + [2® + (y — 2)° —ud| + (2 — 2)° + (y — 2)° —ui| > 0.

We want the inequality above hold for any integers with z,y, z not identically zero. The only
possibilities of (x,y, z) modulo 2 are (1,0,0), (0,1,0). The only possibilities of (x, y, z) modulo 4 are
(1,0,0),(3,0,0),(0,1,0),(0,3,0). But I think it’s not a good idea to formulate the problem in terms
of Z coefficients inequality, because it’s hard to solve it, just as in the case of integer programming.
The only way to solve it in this way uses diophantine approximation.
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